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Abstract 

We study the compatibility between the BPST SU (2) instanton and the fuzzy 
four-sphere algebra. By using the projective module point of view as an intermediate 
step, we are able to identify a non-commutative solution of the matrix model equa- 
tions of motion which minimally extends the SU{2) instanton solution on the classical 
sphere S"^. We also propose to extend the non-trivial second Chern class with the 
five-dimensional noncommutative Chern-Simons term. 



1 Introduction 



Between all the known noncommutative varietes, the fuzzy four-sphere deformation has 
attracted our attention because it is the only one that incorporates the Kaluza-Klein mech- 
anism in an elegant and mathematically clean way ^J. 

As explicit application we have devoted this work to the study of the topologically non- 
trivial configurations on a fuzzy four-sphere, having as classical limit the SU{2) BPST in- 
stantons on S"^. 

The presence of the extra coordinates ( Wf^u ) complicates the classical limit and requires 
selecting between those topologically non-trivial configurations admitting w^j^i, - decoupling 
from those for which this is not possible. 

The projective module point of view clarifies the whole picture |2]-|S]-|1I-IS1-I0]-[Z1-|H1- In 

fact at the ^(1) level we can conceive noncommutative projectors [H] associated, through 
a simple link with matrix models pP-|n]-|in]-PII, to reducible representations of the fuzzy 
four-sphere algebra, but in this case the Wfj_i, decoupling is impossible because there is no 
analogous projector in the commutative limit [T^-|13j. 

That's why we have concentrated our attention, in this work, to the non-abelian case, 
where some classical projectors exists |2] ( describing the BPST instantons of the gauge 
group SU{2) ) on which the noncommutative deformation can be based on. 

We show that it is possible to deform the classical instantons, allowing a dependence on 
the extra coordinates ( w^u ), weighted by a noncommutative damping factor p ~ -i:, which 
explains their decoupling in the N (yo. 

With a careful analysis of the link between projectors and matrix models it is possible 
to identify which connections do admit as a classical limit the BPST instantons. They have 
a structure similar to the 't Hooft-Polyakov monopoles connections on a fuzzy sphere, see 
ref. [15J. Moreover the 4d analysis is quite similar to the 2d case, apart from a fundamental 
passage, requiring the specific structure of the Hopf fibration % : S'^ ^ S'^, which is an 
intrinsic 4d property. 

It is also necessary extending the gauge group from U{2) to U{A) because of the dimen- 
sionality of the fuzzy four-sphere representations. In the last part of this work we suggest 
how to build a candidate for extending the second Chern class, the only nontrivial one at a 
classical level. 

It is convenient to take the 5d Chern-Simons term and we find perfect agreement with 
the classical limit, if we compare the noncommutative connection with the background of a 
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f/(2) gauge theory ( instead of f/(4) ). These last results are still ' under construction ' since 
there is a lack of a deeper mathematical understanding of the intrinsic topological meaning 
of such configurations. 



2 Review of the fuzzy four-sphere 

The fuzzy four-sphere is a non-commutative manifold, defined by the following two general 
conditions 



where R is the radius of the sphere. One of these two constraints becomes trivial in the 
classical limit. Both conditions can be solved by introducing some auxiliary finite matrices 
Gfj, as follows 



X 



pG, (2.2) 



where is the A^-fold symmetrized tensorial product of the gamma matrices, see ref. 
PP for details. 

The irreducible representations of (5^ are labeled by this number A^, from which the 
dimension dN of the representation G^^^ is determined to be : 

= (iV+l)(iV + 2)(iV + 3) 
6 



The C constant depends of course on the integer A^. By adding the auxiliary matrices 

2 [^Mi 



G^ilu^ = k[Gfj., Gu] we can define a closed algebra ( SO {5, 1) ), with the following commutation 



rules 



m\GZ'] = m^GiV + ^.AV - s,xGiT - ^^A'i') (2-4) 

This means in practice that we must extend the set of basic coordinates of the four-sphere 
from five to fifteen: 

X, = pG^P w,^ = ^pGiV = '{[Gi''\Gn (2.5) 
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On the fuzzy four-sphere the non-commutative coordinates are constrained to be: 



t^^'^P^'w^^wxp = -piSN + 16)x^ (2.6) 

The classical sphere is reobtained from the large limit keeping fixed the radius of 
the sphere R { p ). Under such limit all these coordinates become commutative, but 
this doesn't mean that the extra coordinates w^i, are decoupled from the dynamics. Such a 
property must be imposed as a dynamical request ( see later the discussion of the classical 
limit of the instantons ). 

The algebra ()2.4p satisfies several interesting relations that can be summarized as follows: 



G^gW = iV(iV + 4) =c 
from which we can fix the constant C and the parameter p as 



C={8N + 16)p^ 

= p^N{N + 4) (2. 



We can also add the following relations 



A{N)A{N) ^ .MN) 

liv ^ fl 

GWGW=4Ar(Ar + 4)=4c 

GifG^^,^ = c6,, + ) - 2Gf (2.9) 

The presence of the extra coordinates w^i, can be understood by asserting that a fuzzy 
two-sphere is attached to every point of the fuzzy four-sphere. In fact, we can take a 
representation of the algebra ()2.4|1 in which the matrix x^ = pG^ is diagonal. Then it 
exists a subalgebra SU (2) x SU (2) generated by Gfj^^ip, v = 1, ••, 4) of the full S'0(5) algebra 
that commutes with x^. This subalgebra can be put in a diagonal form as follows: 
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[Mi, Mj] = leijkMk 

[Ni,M^]=0 (2.10) 

where iVj and Mi are appropriate combinations of Gfj_i,{fi,iy = 1,...4), see ref. p. The 
Casimir of each SU (2) algebra can be computed in terms of the eigenvalue of the matrix 
X5 ■ 



NiNi = ^{N + G,){N + 4 + G,) 
lb 

MiMi = ^{N -G,){N + 4- Gs) (2.11) 
Id 

When the eigenvalue G5 takes its maximum value A^, i.e. we stay on top of the fuzzy 
four-sphere, one SU (2) algebra decouples: 

NiNi = ^^^^"^ MiMi = (2.12) 

and therefore we can conclude that there is only one fuzzy two-sphere attached to the 
north pole of the fuzzy four-sphere. By using the iS'0(5) symmetry we can extend this result 
to every point of the fuzzy four-sphere. 

Such extra fuzzy two-sphere is a kind of internal space or spin, which of course complicates 
the analysis of a field theory defined on a fuzzy four-sphere. 

Gauge theories can be defined by considering the following matrix model 



S = ~\Tr 



1 k 



(2.13) 



where the indices fijU, ..,a take the values 1, .., 5 and are contracted with the Euclidean 
metric, while e^^P^" is the ( SO{b) invariant ) totally antisymmetric tensor. X^ are cLn x 
hermitian matrices ( when is defined in eq. fl2.3|) ), and is a dimensional constant 
depending on A^. The second term is known as Myers term and it can be understood in 
terms of branes . 

The gauge symmetry is defined through the following unitary symmetry 

Xp = U^X^U UU^ = f/tf/ = 1 (2.14) 
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The k constant is determined by the condition that the matrix model admits as a classical 
solution the fuzzy four-sphere ( 12.11 ): 



X, = x, = p&P 



(2.15) 



Then k can be identified with 



k 



p{N + 2) 



(2.16) 



It is also possible to define an action of Yang-Mills with mass term having the fuzzy 
four-sphere as classical solution: 



S 



-Tr 



-[^ti^ ^u] [X^, Xy] + Sp^Xfj^Xf, 



(2.17) 



The more general action can be identified as a linear combination of two basic actions 
l2T3l ) and ( EIII ) 



+ 



-Tr 



2A 



4 



5{N + 2)p 



l^fi ) ^u] [X^ ,X^] + 

e^^^^p^X^X.X^XpX, + 8(1 - \)p'X^X^ 



(2.18) 



The term proportional to A is the analogue of the five-dimensional Chern-Simons term 
which will be useful in the final discussion as a candidate for extending the second Chern 
class. 

The construction of a non-commutative gauge theory on a fuzzy four-sphere is completed 
by developing the generic hermitian matrices X^ around the classical background : 



X^ = x^, + pRa^ (2.19) 

Since we are in a sort of Kaluza-Klein theory, when we develop the x fluctuation 
matrix a^, we must take into account that the field depends not only on the coordinates of 
the sphere, but also on the extra coordinates w^^,^. This requires to extend the basis of the 
functional space from the usual spherical harmonics to irreducible representations of S0{5), 
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which are labeled by two parameters ri, r2 with < r2 < ri. The condition to be on a fuzzy 
four-sphere implies a truncation of this functional space, which requires that the principal 
parameter ri is constrained to be ri < ( for higher dimensional fuzzy spheres see for 
example [H] ). 

In the particular case r2 = the spherical harmonics of the sphere are recovered. Sum- 
marizing the general development of the fluctuation matrix a is given by 

n ri 

a{x, = X] ttriram.^'riram.l^^, Uj) (2.20) 

ri=0r2=0 rrii 

where rrii are the extra quantum numbers which are necessary to label the representation. 
We need also the definition of derivative operators 



The integration of the classical gauge theory is replaced by the trace in the matrix model 
action. This correspondence is complicated by the presence of the 2-dim. internal space Ni. 

Finally the Laplacian on the sphere has two possible extension, Ad{G^uY Ad{G^)^. 
The natural choice for a matrix model, in which we develop the matrices around the 
background = pG^, is given by Ad{Gfj)'^, that in the w^^, limit reproduces the usual 
Laplacian on the classical four-sphere. The action of these two Laplacians on the spherical 
harmonics is as follows: 



-[G„ [G^, Yr,,r,]] = (ri(ri + 3) - r2(r2 + 

-l[G,,,[G,,,Yrur.]] = {ri{n + 3) + r2{r2 + l))Yr„r, (2.22) 

3 U(2) projectors and BPST instantons 

In our article [5] we postulated some U{1) non- commutative projectors, but then we realized 
that in this case the extra coordinates do not decouple in the classical limit. 
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Hence to reach a physically meaningful result it is necessary to study at a non-commutative 
level the case of SU{2) instantons, classically described in terms of projective modules in 
ref. 12]. 

We recall that to obtain a projective module description for a SU (2) gauge theory on the 
S"^ sphere it is necessary to make use of the Hopf projection tt : S"^ and the quaternion 

field H. In particular the function spaces we are interested in are Ah = C°°{S'^, H), the 
algebra of smooth functions taking values in H on the basic space S'^, and = C°°(S'^, H), 
the algebra of smooth functions with values in H on the total space S"^ . 

The projector, whose elements belong to Ah, can be built, using the Hopf fibration 
TT : S*^ ^ S"^, in terms of a vector, whose elements belong to Bh, and this condition is 
important to assure the non-triviality of the projector and the intrinsic topological nature 
of the solution. 



P 



1^ >< ^1 



< ifjllp >= 1 



(3.i: 



To realize the Hopf projection tt : 5^ — » S"^ it is necessary to introduce a couple of 
quaternions ( analogously to the case n : ^ S"^ which is described by a couple of complex 
coordinates ) subject to the constraint 



= {(a,b) eH\\a\^ + \b\^ = 1} 
on which the following right action is defined 



(3.2) 



S''' X 5*^9(1) — > S"^ (a, b)w = {aw, bw) w G Sp{l) ww = 1 (3.3) 

keeping invariant the S"^ sphere. In terms of the quaternions a, b the Hopf projection 
vr : S''^ — s> S"^ is realized as 



Xi 
2 



ab + ba ^ = ab — ba = = |a|^ — 



{\a\' + \b\'f = 1 



(3.4) 
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This mapping determines what are the iS'p(l) invariant combinations on 5*^, i.e. functions 
taking values on S*^: 



kr = 




\b? = 


^(1-^5) 


ah — 


^(^1 + 



(3.5) 

Then it is not difficult to construct, at least for instanton number = 1 a projector, 
whose entries belong to the Sp{l) invariant combinations, starting from the following vector 



1^ >= I ^ j (3.6) 

satisfying the normalization condition < ip\ip >= |ap + |6p = 1 on S"^. We can define a 
projector p G M2{Ah) as 

Clearly if we transform > with right action 5^(1) : 5^ x Sp{l) — > S"^ 



\^ >^ 1^"' >- I \ =\il;>w Vw e Sp{l) (3.8) 

bw 

the projector p remains invariant ( another way to say that its elements belong to the 
Ah algebra instead of Bh ) . 

The associated Chern classes are 



Clip) = -^Tripidpr) 

C2{P) = -^,[Tr{p{dpr) - iCip))'] (3.9) 
Since the 2-form p{dpY has values in the pure imaginary quaternions, its trace is null 
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C,{p) = 



(3.10) 



Its second Chern class is instead non-trivial 



C2{p) = -^A^^i(s')) 



(3.11) 



and it gives rise to a non-trivial topological number ( Chern number ) 




87r2 3 



-1 



(3.12) 



The 1-form connection, associated with the projector p 



< >= ada + bdb 



(3.13) 



is anti-hermitian taking values in the purely imaginary quaternions, that can be identified 
with the Lie algebra Sp{l) ~ SU{2). 

The non-trivial moduli space of the k = 1 instanton is generated by the elements g G 
SL{2, H) ( belonging to the conformal group ), acting on the left: 



The quotient of SL{2, H) by the trivial subgroup Sp{2) generates a five parameter family 
of the k = 1 SU{2) instantons. 

At a noncommutative level, the existence of a classical projector helps in defining a cor- 
responding non-commutative projector, whose elements necessary belong to the whole fuzzy 
four-sphere algebra, but where the dependence on the extra coordinates w^i, is controlled by 
a factor p { p ). This assures the necessary decoupling of the extra coordinates in the 
p limit, as physically required [THj . 

To reach such property we must rewrite the Hopf fibration vr : S*^ — >^ S"^ in terms of four 
complex coordinates: 



1 



(3.14) 



Xi = p{ai + ai) X2 = ip{ai — ai) 
xz = p{a2 + 02) X4^ = ip{a2 - 02) 
X5 = p(aoOo + — 0.2^2 — a.303) 
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ai = aoa2 + a^ai 02 = ^0^3 ~ 02^1 

Y,x^ = p' E|a^|' = l (3.15) 

i i 

In ref . we noticed that quantizing such complex coordinates and keeping the same 
mapping ()H.15j) 

[ai,a}j] = 6ij [ai,aj] = (3.16) 

the resulting Xi coordinates are part of an algebra, coinciding with the fuzzy four-sphere 
algebra. In fact we can show that the total number operator 

N = ajao + a[ai + a\a2 + agOs (3.17) 

has as eigenvalue on a irreducible representation of the algebra, and the Casimir xj 
can be re-expressed in terms of the total number operator N: 

= p^N{N + A) = (3.18) 

i 

In terms of these oscillators, the non-commutative analogues of the quaternions (a, h) can 
be expressed as 

a = f "° " ^ = f ~i \ (3.19) 

\ai % j y as a!^ J 

from which it is clear that the combination ab is inside the fuzzy four-sphere algebra, while 
ba is outside. The only combinations belonging to the algebra are of the type ( aa, ab, ba, bb 
), which impose the following guess for the vector > 



1^0 >= I ? 1 (3.20) 



b 



By imposing the normalization condition 



<^o|^o>=(a6) I ^j=aa + b6=|^^ ) (3.21) 

we obtain a diagonal matrix whose elements depend only on the total number operator 
N. Redefining \i(:q > as 
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1^0 >^ IV' ""'^ a\/h{N) b' = b\/h{N) (3.22) 

with the position 

M^)=(f 1 I (3.23) 



Ar+4 



we can develop the resulting projector as 



-^i I . I I Q y V ; ^ bh{N)a bh{N)b J ^ ' 

We notice that its elements are functions also of the extra coordinates w^p. However, 
differently from the U{1) case, the dependence on the extra coordinates has a factor p ~ 
that assures their decouphng in the classical limit. We can write exphcitly its first entry 



ah{N)a 




a 



-ai ao 



(3.25) 



At this level we can substitute N with its eigenvalue A^, making pjy a projector of the 
fuzzy four-sphere. The dependence on the extra coordinates is proportional to — j^), 
and therefore is vanishing for A — > oo. The trace of the projector can be computed as 



,'A + 4 A \_ ^ 

Tr pm = 1 Tr I = 

\N + 1 N + 3j 

(N + 2){N + 3)(N + A) N{N + l){N + 2) 

6 ^ 6 

= 2Tr / + ( A + 2) < Tr Ip = 4Tr / (3.26) 

and it is always an integer, for every value of A^. There are no constraints on the possible 
values of A". 
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4 Connection with matrix models 



As discussed in jTH], the connection between projectors and matrix models in the non- 
abehan case is not as simple as in the U{1) case, however it is still convenient starting from 
the following guess 



X,=<ij\G,\ij> 



(4.1) 



and correct this formula later on to reach a solution of the non-commutative equations 
of motion. 



By looking at the form of 1-0 > 



\i;>- 



CLq — Cl-^ 



0-2 -a-i 



fiN) /(iV) 



(4.2) 



it is not a priori obvious that the expectation value < i/jlGili/j > reduces to a diagonal 
form. Since this really happens, we believe that such property is another consequence of the 
underlying Hopf projection tt : S'^ ^ S"^. 

Let us check how it happens in details. The expectation value 



CioGiCLi — CiiGiClQ -\- (12G{(1^ — (l^Gi(l2 

1 



N + 4: 



contains in principle off-diagonal terms. For example let us check the term (Xj) 



12 



(4.3) 



i)12 



03 + alGiol = 
-al[Gi, a\] + a\[Gi, aj] - al[Gi, 4] + al[Gi, 4] 



(4.4) 



In the case z = 5 we obtain 



G^ — 4*^0 ~l~ Oifll — 0^2^2 — 4^3 



12 



=^ (-^^5)12 = —alal + ajag — a2'^3 + alal = (4.5) 
In the other cases we can simphfy the discussion by taking the complex coordinates Gi^ 



112 



a\al 



ala\ 



and G- 



2± 



1+J12 



ala2 + ttgOi 



(4.6) 



(^2-)i2 = a\al - 44 = (^2+)i2 = 44 - 44 = (4-7) 

In all cases a welcome cancellation appears, the reader can verify it also for the case 
(Xj)2i. The resulting diagonal terms can be computed by using the commutation relations 
of the oscillators 

As we already discussed in our previous articles |I2]-CS]; the Gi action on the vector 
li/j > cannot be smoothly connected to ordinary derivative operators on the sphere in the 
classical limit unless we project the vector lip > on the fuzzy four-sphere algebra. 

Since we must maintain invariant the form U{2) of the projector ( which is smoothly 
connected to the BPST SU{2) instantons on the sphere ), we correct the vector 1-0 > 
with a quasi-unitary operator such that {ip' >= \ip > U has all elements belonging to the 
fuzzy four-sphere algebra: 




1^' >= 1^ > [/ UU^ = 1 

P = 1^ >< t/^I = 1^' >< ^'1 (4.9) 

This operator U, as in the case of non- commutative monopoles, plays an essential role to 
define the non-abelian topology. However, since the Hilbert space of the fuzzy four-sphere 
is generated by four oscillators we find an unexpected difficulty in solving the constraint 
UW = 1 with a 2 X 2 matrix. 
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This difficulty can be overcome only by embedding the U{2) projector in a larger gauge 
group. In fact we can solve the constraint f/f/^ = 1 with a 4 x 4 matrix, which requires 
embedding the projector in a f/(4) gauge theory. 

During the discussion of the final solution, we will notice that such difficulty is related to 
the dimensionality of the fuzzy four-sphere irreducible representations, defined in eq. ( 12. HI 

)• 



5 Embedding U{2) in t/(4) 

In the case of ^(1) projectors ( see ref. ^21-^21 ) we were stuck into the problem of 
identifying the associated connections for a certain class of projectors ( Serre-Swan theorem 
for the noncommutative case ). In this section the answer to this question comes out. The 
only obstacle, i.e. the construction of the quasi-unitary operator U, can always be overcome 
by embedding the projector into a larger gauge group. 

In the present case solving the constraint UW = 1, with U represented by 4 x 4 matrix 
is an easy task 



U 



( ul u\, ul ul\ 

Of/4 



\ / 



/ Uu \ 

Ui2 ul 

[/i3 

\Uu / 



(5.i: 



and the obvious solution can be represented as: 



U 



12 



u 



13 



u 



14 



|?7,i, 712,77-3, 77,4 >< rii + 1,71,2, 77,3, n4 1 

ni,n2,ra3,n4=0 
oo 

|772,r2.3,7l4,0 >< 0,7l2 + 1,72,3, 774! 

n2,ra3,n4=0 
00 

|773, 774, 0, >< 0,0,773 + 1,72,4! 

n3, 714=0 



|774, 0,0,0 >< 0,0,0,774+11 

) 

00 

|72,i, 772, 773, 774 >< 771,772,773,774 + 1| 



714=0 



711, 712,"3, 714=0 



(5.2) 
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The structure of this solution is so unique that it is practically impossible to reduce it to 
a subspace of 2 x 2 matrices. 

This quasi-unitary operator satisfies the following property: 



\ 



1 - |0, 0,0,0 >< 0,0,0,0| 






\ 





0/ 



(5.3) 



UU'^ is practically equivalent to the identity operator 1(7(2), apart from an operator 
|0,0,0,0 >< 0,0,0,0|, whose action is annihilated by the vectors \i) >. 

For the combination we obtain, differently from the 2d case ( see ref. ^H] ): 



/ 1 

1 

En3,n4 l'^3,'^4, 0,0 >< 713,714,0,01 

V 










(5.4) 



E„Jn4,0,0,0>< 714,0,0,01 / 



This property is strictly related to the dimensionality of the fuzzy four-sphere irreducible 
representations ( see eq. ( 12.31 )). 

The explicit construction of the quasi-unitary operator requires to extend minimally the 
vector with entries belonging to U{2) gauge group, to vectors with values in U (4). Since 
the extension must be minimal, we restrict its non-trivial contribution to a f/ (2) subgroup 







ao 


—a\ 





o\ 








ai 


al 






























v 











^) 








0-2 


-4 





o\ 








ag 






























V 


v 











^) 


) 



fiN) 



(5.5) 



The expectation value ()4.8|1 with this new vector \ifj > is similar to the U{2) case: 
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X, =< ij\Gi\ij >-- 



/ N-i n 




V 










o\ 





y 



(5.6) 



Correcting the vector \ifj > with 4x4 quasi-unitary operators changes the dimension of 
the background representation with a non-trivial mixing similar to the 2d case. Therefore 
we must expect that 





( {Gi)N+2 








\ 







{Gi)N 









V 








/ 



(5.7) 



where the division in blocks is different in the last matrix. Such property is discussed in 
details in the appendix, but we give now an indirect argument. As a consistency check of 
eq. ()5.7|1 we notice that by taking the square of the background an interesting simplification 
appears. In fact since it is proportional to a Casimir of the fuzzy four-sphere algebra its 
trace is a calculable number: 



Tr(Xf^)^+i = ATr{Gi)N+i{Gi)N+i = 

= 4{N + 1)(A^ + 5)Trljv+i = ^(A^ + 1)(A^ + 2){N + 3)(A^ + 4)(A^ + 5) (5.8) 

Now let us take the square of equations ()5.7j) and compare the trace of both members. 
If we find agreement between these two numbers, we have an indirect proof that eq. ()5.7p is 
correct. Firstly we compute 



2)N+l 



(5.9) 



where we have splitted the quasi-unitary operator U in the following two parts ( U 
U1 + U2 ): 









ul 
































V 











) 



/ 








\ 

























\o 








/ 



(5.10) 
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This decomposition permits the following manipulations 



Tr{Ul{X^'^X^')U,)M+i = {N + 2){N + Q)Tr{UlU,] 
Tr{Ul{X^'X^')U2)N+i = N{N + A)Tr{UiU2) 



Tr{UlU,) = Tr{UikUl) = Tr(l)^+i + (Tr(l)^+i - Tril)^) + (iV + 2) 

k=l 

Tr{UlU2) = Tr{UlU,) = rr(l)^ 
In summary we obtain 



1 = Tr(l)^+2 
(5.11) 



Tr{U\xl'X^')U)N+i = N{N + 4)rr(l)^ + (AT + 2)(iV + 6)Tr(l)^+2 (5.12) 
On the other hand, the second member of eq. ()5.7j) gives rise to 





( {Gi)N+2 





o\ 


2 


Tr 





{Gi)N 





= (G,)jv(G'.)jvTr(l)^ + {Gi)N+2{Gi)N+2Tr{l)N+2 (5.13) 




I 





J 





which is exactly the same number. 

Proceeding this way, the expectation value for 1-0' >= I?/' > ?7 can be explicitly computed 



as 



\^'>=\^Ij>u p =\i)' ><^'\ = \i)><i)\ 





( 


fj^^{Gi)N+2 





\ 





N+^^Gi)N 







V 








0/ 



(5.14) 



This block diagonal matrix is still not an explicit solution of the non-commutative equa- 
tions of motion. However as in the 2d case, the nearest solution is easy to reach, by redefining 
the relation between Xi and the vector > in the following way: 



\ 



X. 



tot 



(0) 



0/ 



0/ 
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^ {Gi)N+2 


V 0^ 



i)N 



(5.15) 



0/ 



The unknown constants f± are constrained to be 



iU + f-? = ^ 

\2 _ N+1 
7V+4 




N+1 
N 

N+1 
N 



+ 



N+l \ 
N+A J 

N+l \ 
N+4 j 



(5.16) 



In conclusion, the compatibihty of the SU{2) BPST instanton with the non-commutative 
structure of the fuzzy four-sphere requires two non-trivial steps: 

- a sort of Kaluza-Klein extension of the coordinates of the classical sphere from five to 
fifteen coordinates; 

- the extension of the gauge group from SU{2) to ^7(4), not expected from the projector 
point of view; 

We have only an indirect check that this non-commutative solution is a smooth defor- 
mation of the classical SU{2) BPST instanton, however we believe that this is the minimal 
way to realize such an extension. 

As a last remark, we want to comment on the possibility to define a topological number, 
which extends the non-trivial second Chern class of BPST instantons. As a non-commutative 
deformation we suggest to choose the 5-dimensional Chern-Simons term: 



Srh = -— Tr 
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(5.17) 



_5(iV + 2)p 

Since the solution, defined in formula ()5.15|) . is a ( reducible ) representation of the fuzzy 
four-sphere algebra, the evaluation of Scs on it reduces to the evaluation of the following 
simplified action 



= PTr{X^X^) (5.18) 
To obtain a well-defined result, we must compare the non-commutative solution 



,S^(Xf *) = /9p2 [Tr{GiGi)^+2 + Tr{G,G,)^] = 

= /3p2 Tr(l)jv+i[Ar(iV + 1) + {N + 5){N + 6)] = 

= 2/3p2 rr(l),v+i[A^' + 6iV + 15] (5.19) 
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with the background of a U (2) gauge theory ( and not U (4) ) 



5„(Xf(C/(2))) 



2/5p2 rr(G,G',)jv+i = 

2f]p^Tr{l)N+i{N + l)(iV + 5) = 2f3p^Tr{l)N+i{N^ + 6N + 5) 



(5.20) 



as it is clear from the following calculation: 



SUXn - SUX^'{Ui2))) = 20Pp^ rr(l);v+i 



(5.21) 



Since all the dependence on is contained in the term Tr (l)jv+i, it is enough to renor- 
malize the trace of the Chern-Simons term with Tr(l)jv+i, to obtain an integer number, 
which probably coincides with the classical topological number, under the hypothesis that 
such limit is smooth. This analysis is however probably incomplete since there is an ambigu- 
ity of adding constant terms to eq. ()5.15p or to the background to reach the classical limit ( 
see the final discussion of non-commutative monopoles in ref. |TB] ). Solving such ambiguity 
requires a deeper mathematical comprehension of the results of this paper. 

6 Conclusions 

In this work we have succeeded in showing that our method based on projective modules and 
matrix models can be extended to the non-abelian case in 4d. In particular the extension of 
the instantons to the fuzzy four-sphere requires two important steps: 

i) the Kaluza-Klein mechanism, which extends the five coordinates of the sphere to the 
fifteen ones of the noncommutative case. It should be noted that the necessary decoupling 
of the extra coordinates Wfj,^ is assured directly at the projector level; 

ii) the extension of the gauge group from SU (2) to U (2) for what concerns the projector 
and to U (4) for the connection. Such distinction is a consequence of the dimensionality of 
the fuzzy-four sphere representations. 

In the last part of the work, we suggest how to extend the second nontrivial Chen class 
of the instanton to the 5-dim Chern-Simons action. We find agreement with the existence 
of a topological number also at a noncommutative level, although our proposal must be 
supported by more rigorous mathematical arguments. 
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A Appendix 



The quasi-unitary operator U defined in eqs. and ( 15. 2j) , when acting on the back- 

ground, induces a non-trivial non- commutative topology, extension of the classical SU{2) 
BPST instanton. In this appendix we show how to check the main property, which is used 
in eq. (O) and (EH) 





( {Gi)N+2 





o\ 







(G'j)iv 







V 





0/ 



(A.i: 



First we notice that it is worth separating U in two pieces, U = L^i + [/2, as in eq. ( 15.101 
), and studying the two cases separately: 





( {Gi)N+2 
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([/|xf[/o^+i = 
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0/ 



(A.2) 



The second case is rather evident and we concentrate ourself only on the Ui case 



( UnGM, UuGM, UnG^Ul U^^GMa \ 

UuGiUli Ui2GiUl2 UuGiUl^ UuGiUl^ 

UnG.Ul UnG^Ul, UrsG^Ul, U.^G^Ul 

\ UuGiUl-^ Ui4GiUl2 Ui4GiUl2, UiiGiUl^ J 



(A.3) 



Since this case is rather intricate, we firstly check the dimension of this representation. 
When restricting Wx'^^U to a total fixed number '^rii = N + 1, the following properties 
are clear: 

1) {UuGiUli)N+i is a square matrix, having the same dimension of the {Gi)N+i repre- 
sentation, i.e. d^+i, 

2) in the case {UiiGiUl2)N+i, its elements 7^ are concentrated into a rettangular matrix 
with short side • 



3) in the case ([/iiG'j[/|3)Ar+i the short side is (A^ + 2); 
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4) finally {UnGiUl^^N+i can be reduced to a single column. 

In summary we have the following structure of the representation ()A.3|) , ( adding for 
completeness the term due to U2 ): 





UuGiUl2 





UnG.Ul, 





UuGiUl^^ 







Ul2GiU\2 





Ui2GiUl^ 





Ui2GiUl^ 











{Gi)N 
















UviGiUl2 





Ui3GiUl2, 





UviGiUl^ 


























Ui^GiUii 


Ui4^GiUi2 





UMGiUi^ 





UiiGiUl^ 



























(A.4) 



If we ignore all the columns and rows which are trivially null and paste only those strips 
in which it is possible to find entries 7^ 0, as discussed before, we end up with a new square 
matrix of dimension 



^ (iV + 2)(iV + 3)(iV + 4) (iV + 2)(iV + 3) 

6 2 + I + J + 

(Ar + 3)(Ar + 4)(A^ + 5) 

6 



(A.5) 



which is the dimension of the irreducible representation (Gj) Ar+2- Verifying that we obtain 
exactly the same values of the representation {Gi)N+2 is rather tedious. Let's briefly check 
the case of G5, whose representation is a diagonal matrix, 



Gs = ^ {ni + n2-n3-nA)\ni,n2,n3,ni><ni,n2,n3,nA\ 

ni,n2,n3, 714=0 

and therefore we must control only the diagonal terms 



(A.6) 



UiiG^Ul^ 
U12G5UI2 
UisG^Ul^ 



(ni + n2 + 1 - na - 'n.4)|ni, 71-2, ria, 77,4 >< ni, 77-2, -n-s, 714! 

711, 712, n3, 714=0 

00 

(712 + 1 - 713 - n4)\n2,n3,n4,,0 >< ^2, 713,^4,0! 

711, 712, na, 714=0 

00 

^ (-713 - 724 - I)|7l3,n4,0,0 >< n3,Tl4,0,0| 

711,712,713,714=0 
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UuG^Ul^ = (-^4 - l)|n4,0,0,0,0 >< n4,0,0,0| (A.7) 

ni,n2,ns,ni=0 

Let's consider firstly the last term which is the simplest to discuss. In fact restricting it 
to a fixed total oscillator number (A^ + 1), there is only one element left 

{UuG5UI)n+i = -(A + 2)1 a + 1, 0, 0, >< at + 1, 0, 0, 0| (A.8) 

whose value —(A + 2) corresponds to the minimum value of the representation (G5)Ar+2- 
Studying in detail such representation we notice that this minimum term is repeated ( A^ + 3) 
times, so we must find other (A + 2) copies of it. It is not difficult to realize that all those 
terms come from the restriction of 

?l3+7l4=Af+l 

iUr3G5Ul)N+i = -iN + 2) Yl I«3,ri4,0,0><n3,n4,0,0| (A.9) 

Proceeding this way, we can verify that the terms (UuG^Ulj^) at+i (z = 1, 2) never reach the 
minimum value — (A^ + 2) and it instead contribute to complete the representation {G5)n+2- 
With some patience the cases {Gi±)n+2 and {G2±)n+2 can be successfully checked. 
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